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Abstrat
We study d = 2 0A string theory perturbed by tahyon momentum modes in bak-
grounds with non-trivial tahyon ondensate and Ramond-Ramond (RR) ux. In the
matrix model desription, we unover a omplexied Toda lattie hierarhy onstrained
by a pair of novel holomorphi string equations. We solve these onstraints in the las-
sial limit for general RR ux and tahyon ondensate. Due to the non-holomorphi
nature of the tahyon perturbations, the transendental equations whih we derive for
the string suseptibility are manifestly non-holomorphi. We explore the phase stru-
ture and ritial behavior of the theory.
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1 Introdution
Two-dimensional string theory has been fruitfully used to explore problems for whih we
lak the tehnial prowess and/or oneptual framework to address in more realisti, higher-
dimensional string theories. This has been made possible mostly by the matrix models
dual to the d = 2 bosoni (for a review see [1, 2, 3℄) and Type 0 strings [4, 5℄, whih
provide non-perturbative denitions for those theories. Of interest in the present artile are
Ramond-Ramond ux bakgrounds whih were reently investigated using the matrix dual
desriptions in [6℄. In this work we further study non-trivial bakgrounds in Type 0A string
theory by deforming the theory with an integrable set of momentum modes in the presene
of both RR ux (q) and tahyon ondensate (µ).
Although the integrable struture of the d = 2 bosoni string has been thoroughly ex-
plored (for example, in [7, 8, 9, 10, 11, 12, 13, 14, 15, 16℄), suh strutures for 0A string
theory are somewhat less developed. The integrable properties of the 0A matrix model were
rst studied using the Toda lattie hierarhy [17℄ in the early '90s [18℄, when it was known as
the deformed matrix model [19℄. More reently this has been disussed by [20, 21℄. Alterna-
tively, following [22℄, perturbative tehniques have been utilized to address momentum mode
deformations in [23℄. A few of the lowest order orrelators were omputed and a pattern for
µ = 0 was diserned; summing the innite perturbative series lead to an expression for the
0A partition funtion. As disussed in [11℄ for the c = 1 matrix model, this is equivalent to
solving the string equation onstraining the integrable Toda lattie hierarhy. However in
all of these previous works, the authors studied limits where either q → 0 or µ→ 0 to obtain
tratable results regarding the partition funtion or string suseptibility.
In ontrast, we obtain transendental equations for the genus zero string suseptibility
parameterized by non-trivial tahyon ondensate, Ramond-Ramond ux and momentum
mode perturbations simultaneously. To do so we take advantage of the omplex oordinate
µ + iq identied in [6℄ and introdue a omplexied Toda lattie hierarhy. This hierarhy
is based on shifts of both the energy and angular momentum quantum numbers of the
single-fermion Hilbert spae of the dual 0A matrix model desription. The utilization of
the fermion angular momentum as a dynamial variable is reminisent of the proposed non-
ritial M-theory [24, 25℄ perspetive on 0A string theory, although we introdue it for purely
mathematial ends. The omplex nature of the integrable struture provides an additional
real onstraint (string equation) on the operator algebra of the theory, relative to previous
integrability analyses. This additional onstraint allows us to solve for the suseptibility
1
equations in the dispersionless, i.e. lassial, limit.
This paper is organized as follows. Setion 2 ontains a review of the treatment of in-
tegrable momentum mode perturbations to the c = 1 matrix model. We introdue our
notation and philosophy here. In setion 3, we address integrable deformations of the 0A
matrix model. We show how the system is intratable when there is only one string equation
as a onstraint. We then introdue the omplexied Toda lattie hierarhy whih provides
two suh onstraints. We solve this system in the dispersionless limit, obtaining equations
for the perturbed suseptibility. In setion 4 we analyze the suseptibility equations, explor-
ing the ritial behavior and phase diagram of 0A string theory. We lose with setion 5
wherein we inlude some preliminary results on perturbations whih take advantage of the
holomorphi struture of the omplexied Toda hierarhy. Finally, a number of tehnial
appendies are inluded to eluidate points made within the text as well as providing an
alternate derivation of the omplex string equations.
While disussing the bosoni string and the c = 1 matrix model, our units are suh that
α′ = 1. When disussing the Type 0 strings, we will use α′ = 1
2
units.
2 Integrable Perturbations of the c = 1 Matrix Model
Before turning to integrable deformations of 0A string theory, we will now provide a short
review of suh deformations in the c = 1 model, rst studied in [7℄. The purpose of this
detour is to introdue our logi and notation in an example where we losely follow previous
analyses before moving on to a treatment of 0A where we will depart signiantly from prior
work by other authors.
2.1 Chiral Quantization and the Energy Representation
The c = 1 matrix model is usefully desribed by a system of non-interating fermions. The
operator algebra of these fermions is given by
[xˆ+, xˆ−] = i,
[xˆ±, ǫˆ] = ±ixˆ±,
{xˆ+, xˆ−} = 2ǫˆ. (2.1)
2
where ǫˆ is the energy and xˆ± =
pˆ±xˆ√
2
are light-one oordinates in the single-partile phase
spae. The ommutator of xˆ± with ǫˆ indiates that these operators have simple expressions
in the energy basis, xˆ± ∼ e±i∂ǫ. To produe the orret ommutator and anti-ommutator
between xˆ+ and xˆ− requires the addition of ertain dressing phases. Suitable energy repre-
sentations whih reprodue all of the relations (2.1) are
[xˆ±]ǫ = ±S∓1/2 (ǫ) ωˆ±1S±1/2 (ǫ) (2.2)
where ωˆ is the shift operator
ωˆ ≡ ei∂ǫ, (2.3)
and S(ǫ) is
S(ǫ) = e−iπ/4
√
Γ
(
1
2
− iǫ)
Γ
(
1
2
+ iǫ
) ≡ eiφ0(ǫ), (2.4)
whih an be understood as the ǫ→ −∞ sattering amplitude for the fermions.1
Some omments on the representations above are in order. Although we use the term
operator to desribe ωˆ, as well as using a hat, it should be made lear that in this text
we will use it exlusively in the energy basis as a shorthand for the derivative (2.3). Thus,
expressions ontaining ωˆ will not be treated as operator statements but rather as basis spei
statements. One ould, of ourse, adopt the alternative viewpoint that ωˆ is an operator and
(2.3) is its energy representation, but we will not do so.
Additionally, we wish to mention that the energy basis for the xˆ± operators is atually
somewhat subtle and depends on the sign of ǫ. In studying the c = 1 matrix model, one
onsiders only fermions with negative energy, whih in perturbation theory are loalized in
one of the quadrants of the x+x− plane. The denitions (2.2) have been hosen to desribe
the quadrant with ±x± > 0. Fortunately this subtlety will not our for 0A where it is
neessary to onsider both signs of ǫ.
2.2 Unitary Transformations and the Lax Formalism
Consider some unitary transformation Uˆ ating on the system of fermions. We hoose to
employ a passive transformation piture where the state kets remain unhanged and the
operators in (2.1) transform as Oˆ → UˆOˆUˆ−1. In partiular, we will label the transformed
1
See Appendix A for more details on light-one quantization and alulation of S(ǫ).
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operators as
Lˆ± = Uˆ xˆ±Uˆ−1, (2.5)
Mˆ = Uˆ ǫˆUˆ−1. (2.6)
As our notation suggests, these transformed operators are preisely the Lax and Orlov-
Shulman operators of the Toda lattie hierarhy when Uˆ is hosen appropriately. It follows
trivially that the ommutators and anti-ommutators (2.1) are preserved by the unitary
transformation under onsideration. This leads to
Lˆ±Lˆ∓ = Mˆ ± i
2
. (2.7)
In the ontext of the Toda lattie hierarhy, (2.7) are known as the string equations. Unlike
the usual treatment where separate Mˆ± are introdued and then equated as an additional
onstraint, we posit only one Orlov-Shulman operator from the outset. Thus we are studying
the onstrained Toda hierarhy, ab initio.
An integrable set of momentum mode deformations to the c = 1 model are generated by
the transformations
Uˆ± = ei
∑
n>0 b˜±n(ǫˆ;{t}) (±xˆ±)−n/Re∓iφ˜(ǫˆ;{t})/2ei
∑
n>0 t±n (±xˆ±)n/R . (2.8)
The t±n are real onstants2, and the operators b˜ and φ˜ are unspeied funtions whih
vanish when all t±n = 0. We will onstrain the undetermined funtions b˜ and φ˜ suh that
Uˆ+ ≡ Uˆ− ≡ Uˆ . We understand Uˆ+ (Uˆ−) to be the natural form of Uˆ ating on the xˆ+
(xˆ−) operator. This is not to be onfused with dierent bases; the expression Uˆ+ = Uˆ−
indiates an equality between operators, not that Uˆ± are dierent representations of the
same operator. Thus they are equal in any given basis.
The operators in (2.8) are of interest sine they allow us to represent momentum mode
deformations to the worldsheet ation in terms of transformations on the single fermion
Hilbert spae. The operators (±xˆ±)n/R are the single-partile representations of the matrix
model operators Tr(M ± M˙)n/R whih reate states of Eulidean momentum n
R
[26℄. In the
2
Although we will be more general in our analysis, in order to produe real deformations to the worldsheet
ation the signs of the t's must be suh that tn = −t−n for all n. This will be true for the 0A theory as well.
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regions x± →∞ the operators Uˆ± behave like
Uˆ± ∼ e∓iφ˜(ǫˆ;{t})/2ei
∑
n>0 t±n (±xˆ±)n/R, (2.9)
demonstrating that asymptotially Uˆ± reates a oherent state of tahyons (plus some zero
mode). The fator with negative powers of xˆ± is present to allow the equality of Uˆ+ and Uˆ−.
Now onsider these operators in the energy basis. From (2.2), we have
[
ei
∑
n>0 t±n(±xˆ±)n/R
]
ǫ
= S∓1/2 (ǫ) ei
∑
n>0 t±nωˆ
±n/R
S±1/2 (ǫ) , (2.10)
and so nd
[
Uˆ±
]
ǫ
= ei
∑
n>0 b±n(ǫ;{t})ωˆ∓n/Re∓iφ(ǫ;{t})/2ei
∑
n>0 t±nωˆ
±n/R
S±1/2 (ǫ) , (2.11)
where we have introdued
φ (ǫ; {t}) ≡ φ˜ (ǫ; {t}) + φ0 (ǫ) ,
b±n (ǫ; {t}) ≡ b˜±n (ǫ; {t})S∓1/2 (ǫ)S±1/2 (ǫ∓ in/R) . (2.12)
Using the energy basis and the equivalent forms of the transformation Uˆ , we an make
expliit the onnetion of the above with the Lax formalism. We write
Lˆ± = Uˆ±xˆ±Uˆ−1± ,
Mˆ± = Uˆ±ǫˆUˆ−1± . (2.13)
It should be emphasized that the above is simply a rewriting of (2.6) and that
Mˆ = Mˆ+ = Mˆ−, (2.14)
whih follows from the equality of Uˆ and both Uˆ±. In the ǫ basis, we have[
Lˆ±
]
ǫ
= ±Wˆ±ωˆ±1Wˆ−1± ,[
Mˆ±
]
ǫ
= Wˆ±ǫWˆ−1± , (2.15)
5
where Wˆ± are the dressings
Wˆ± = ei
∑
n>0 b±n(ǫ;{t})ωˆ∓n/Re∓iφ(ǫ;{t})/2ei
∑
n>0 t±nωˆ
±n/R
. (2.16)
We wish to emphasize that the Wˆ±, as funtions of ǫ and ωˆ, are basis spei expressions.
In order to solve the string equation (2.7), we rst must have the expansion of the Orlov-
Shulman operator in powers of the Lax operators. There are two equivalent expansions
obtained by resumming the expansions of Mˆ± in powers of ωˆ in the energy representation
in terms of the Lax operators
Mˆ± = ǫˆ∓
∑
n>0
nt±n
R
(
±Lˆ±
)n/R
+
∑
n>0
v±n (ǫˆ; {t})
(
±Lˆ±
)−n/R
. (2.17)
The v±n(ǫˆ; {t}) are undetermined funtions whih are in priniple alulable. By introduing
the funtions v±k we have not introdued any more unknown funtions, but rather simply
reorganized the unknown b±k into the v±k.
2.3 Dispersionless Limit and Solving the String Equation
The above formalism is a ompat way to reord an innite hierarhy of nite-dierene
equations. These are obtained by expanding both sides of the string equation (2.7) in powers
of ωˆ, with all fators of ωˆ moved to the right. Mathing the oeients to eah term in the
series provides an innite set of nite dierene equations for the various undetermined
funtions in the operators Uˆ . The most interesting of these funtions is the zero-mode
φ(ǫ; {t}) whih provides the density of states via ρ(ǫ) = ∂ǫφ(ǫ)
2π
.
While the system of nite dierene equations is in priniple soluble, the study of these
equations is not tehnially pratial. Firstly, there are an innite number of suh equations
and, seondly, even a nite set of nite dierene equations is generally diult to solve.
Instead we will take advantage of the simpliation ourring in the dispersionless limit,
when the lattie spaing goes to zero [14, 15, 12, 13℄. In the fermion language, this is the
lassial limit, ~ → 0. Sine we use ~ = 1 units this is aomplished by onsidering the
regime |ǫ| ≫ 1, whih is the genus zero limit of the dual string theory. Sine the Orlov-
Shulman operator sales as ǫ and the Lax operators sale as
√
ǫ, the string equation in this
regime is
M = L−L+. (2.18)
6
In this limit, the Lax operators are given by
L± = ±e−∂ǫφ/2ω±1
(
1 +
∑
k>0
a±k (ǫ; {t})ω∓k/R
)
+ . . . , (2.19)
where the dots represent subleading terms in ǫ and the hat on ω as been dropped to indiate
it is now a lassial variable. The funtions a±k(ǫ; {t}) are alulable from the funtions in
the transformation Uˆ but we will shortly solve for them using algebrai onstraints, bypassing
the need to ever know the preise form of the undetermined funtions in Uˆ .
We now take advantage of the expansion of M in terms of the Lax variables (2.17). To
simplify matters, we onsider the ase where all the ouplings vanish exept t±n for some
partiular n
M± = ǫ∓ nt±n
R
(±L±)n/R +
∑
k>0
v±k (ǫ) (±L±)−k/R . (2.20)
These two expansions will eetively provide two string equations,M± = L−L+, onstraining
the a±k oeients strongly. Substituting (2.19) into the above, we nd
M± = ǫ∓ nt±n
R
e−n∂ǫφ/2Rω±n/R
(
1 +
∑
k>0
a±k (ǫ)ω∓k/R
)n/R
+
∑
k>0
v±k (ǫ) e
k
R
∂ǫφω∓k/R
(
1 +
∑
ℓ>0
a±ℓ (ǫ)ω∓ℓ/R
)−k/R
. (2.21)
Now ompare (2.21) with
L+L− = −e−∂ǫφ
(
1 +
∑
k>0
a+k (ǫ)ω
−k/R
)(
1 +
∑
k>0
a−k (ǫ)ω
k/R
)
. (2.22)
Sine the highest (lowest) power of ω inM± is ω±n/R, power mathing in the string equation
implies a±k = 0 if k > n. Furthermore, upon examining other oeients in the string
equation one an see all the onstraints are satised for a±k = 0 for k 6= n.
Bearing this in mind, we math the oeients for the ω±n/R terms in M± = L+L− and
obtain
a∓n (ǫ) = ±nt±n
R
e(1−n/2R)∂ǫφ, (2.23)
7
whih when substituted into the equation obtained from the ω0 terms results in3
|ǫ| − e−∂ǫφ = n
2
R2
t+nt−ne(1−n/R)∂ǫφ
( n
R
− 1
)
. (2.24)
We wish to emphasize the importane of (2.24). This equation provides a transendental
equation for the density of states, and hene the free energy, in the presene of momentum
mode perturbations. Our goal in the setions ahead is to obtain equations suh as (2.24) for
the density of states in 0A string theory perturbed by momentum modes.
As a quik onsisteny hek of our method, we see that (2.24) produes the orret
density of states for the c = 1 theory when there is no perturbation,
ρ(µ) =
1
2π
∂ǫφ
∣∣∣∣
ǫ=−µ
= − 1
2π
log µ. (2.25)
For more details see, for example, [2℄. A more non-trivial hek is that (2.24), with n = 1
and a suitable redenition of ouplings, is preisely T-dual to the genus zero suseptibility
equation obtained in [11℄ for the c = 1 theory perturbed by winding modes.
The beauty of the proedure above is that there was never a need to know the undeter-
mined funtions v±k. We have only assumed that they are suh that it is possible to math
the oeients for the powers of ω whih we do not examine. The fat that knowledge of
the funtions v±k is irrelevant to obtaining the equation for the density of states is not lim-
ited to the simple example above. Suppose that some nite number of ouplings are turned
on, but that t±k = 0 for k > N . One again, a general argument indiates a±k vanish if
k > N . Mathing the oeients for ωk/R with 0 ≤ k ≤ N in M+ = L+L−, we obtain
N + 1 onstraints, none of whih ontain v±k. Similarly, examining the ω−k/R oeients
with 0 < k ≤ N in M− = L+L− leads to another N equations whih do not involve the
v±k. Together, these 2N +1 onstraints are suient to solve for ∂ǫφ and the non-vanishing
a±k≤N . We will nd in the next setion that the most straightforward appliation of this
method to 0A string theory will not be so tratable.
3 Integrable Deformations of the 0A Matrix Model
We would like to perform deformations of the 0A matrix model analogous to those of the
previous setion. This has been previously attempted [18, 20, 21, 23℄, but these authors
3
Although this result has been derived for ǫ < 0, it an be derived formally for positive energy as well.
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were only able to obtain solutions by setting µ or q to zero. We will rst demonstrate the
intratability of the most straightforward organization of the integrable struture of the 0A
matrix model. Then we onsider an integrable struture based on the 2 + 1 dimensional
perspetive for the 0A matrix model eigenvalues. Through this viewpoint we are able to nd
additional string equations whih an be solved in the dispersionless limit with both µ and
q non-zero.
3.1 The 0A Matrix Model
It is well-known [4℄ that type 0A string theory in d = 2 an be desribed by a gauged matrix
model similar to that of the d = 2 bosoni string. As is ommon with matrix models, the
singlet setor an be redued to the dynamis of a many-body problem of non-interating
fermions in 1 + 1 dimensions. The single-partile Hamiltonian is
ǫˆ0A =
1
2
(
pˆ2 − xˆ2 + q
2 − 1/4
xˆ2
)
, (3.1)
where we onsider q to simply be some parameter. Proeeding as in the c = 1 model, we
put the operator algebra into the light-one form [26℄
[
Bˆ+, Bˆ−
]
= 4iǫˆ0A,[
Bˆ±, ǫˆ0A
]
= ±2iBˆ±,{
Bˆ+, Bˆ−
}
= 2
(
ǫˆ20A + q
2 − 1) , (3.2)
where
Bˆ± = xˆ2± +
(
q2 − 1/4) xˆ−2. (3.3)
We an easily obtain from (3.2) the following identity
Bˆ±Bˆ∓ = (ǫˆ0A ± i)2 + q2. (3.4)
We will hereafter drop the subsript 0A on the energy.
From the algebra (3.2) we an nd the energy basis representations
[
Bˆ±
]
ǫ
= S∓1/2(ǫ, q)ωˆ±2S±1/2(ǫ, q) , (3.5)
9
where ωˆ is dened in (2.3) and S(ǫ, q) is the sattering phase4
S (ǫ, q) = 2−iǫi|q|
Γ (1/2 (1 + |q| − iǫ))
Γ (1/2 (1 + |q|+ iǫ)) ≡ e
iφ0(ǫ,q). (3.6)
3.2 Intratability of the 0A Lax system
Besides simplifying the 0A operator algebra the Bˆ± play the role of momentum modes in
the free fermion representation of 0A string theory [26℄. Thus, following the analysis for
the c = 1 model, we wish to onsider unitary transformations generated by powers of Bˆ±
to implement momentum mode perturbations. However, we will see that a straightforward
appliation of this method will not lead to a solvable string equation in this instane.
For the 0A matrix model an integrable set of momentum mode deformations is generated
by the unitary transformations
Uˆ± = ei
∑
n>0 b˜±n(ǫˆ;q,{t})Bˆ
−n/R
± e∓iφ˜(ǫˆ;q,{t})/2ei
∑
n>0 t±nBˆ
n/R
± . (3.7)
One again, φ˜ and the b˜ are some undetermined funtions whih vanish when all of the
ouplings {t}, are turned o. As in the treatment of the c = 1 theory, the operators (3.7)
are onstrained by Uˆ+ = Uˆ−. In the energy basis these operators are given by[
Uˆ±
]
ǫ
= ei
∑
n>0 b±n(ǫ;q,{t})ωˆ∓2n/Re∓iφ(ǫ;q,{t})/2ei
∑
n>0 t±nωˆ
±2n/R
S±1/2 (ǫ, q) , (3.8)
where we have introdued
φ (ǫ; q, {t}) ≡ φ˜ (ǫ; q, {t}) + φ0 (ǫ, q) ,
b±n (ǫ; q, {t}) ≡ b˜±n (ǫ; q, {t})S∓1/2 (ǫ, q)S±1/2 (ǫ∓ 2in/R, q) . (3.9)
We now dene Lax and Orlov-Shulman operators as in the c = 1 theory through unitary
transformations on the 0A operators
Lˆ± = Uˆ±Bˆ±Uˆ−1± ,
Mˆ± = Uˆ±ǫˆUˆ−1± . (3.10)
4
The attentive reader may notie that this diers slightly from the result in [6℄. This is due to our
somewhat dierent normalization of the fermion states. Note that the exlusion of the i|q| fator in [6℄ does
not aet the alulation of the density of states, ρ(ǫ) ∼ φ′(ǫ). See Appendix B for more details.
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where one again we have Mˆ+ = Mˆ− due to the equivalene of the unitary transformations
Uˆ±. In the energy basis these operators are represented as[
Lˆ±
]
ǫ
= Wˆ±ωˆ±2Wˆ−1± ,
[M±]ǫ = Wˆ±ǫWˆ
−1
± , (3.11)
with the dressings given by
Wˆ± = ei
∑
n>0 b±n(ǫ;q,{t})ωˆ∓2n/Re∓iφ(ǫ;q,{t})/2ei
∑
n>0 t±nωˆ
±2n/R
. (3.12)
Sine this is simply a unitary transformation, the operator algebra remains intat so we
immediately get the string equation
Lˆ±Lˆ∓ =
(
Mˆ ± i
)2
+ q2 , (3.13)
whih was also obtained in [18, 20℄. This equation is perfetly orret but its use in reahing
the density of states is limited. The problem lies in the appearane of a quadrati power of
the Orlov-Shulman operator as we will see below.
In the dispersionless limit we take ǫ, q ≫ 1. The above string equation beomes
L+L− = M2 + q2 , (3.14)
and the Lax operators an be expanded as
L± = e−∂ǫφω±2
(
1 +
∑
k>0
a±k (ǫ; {t})ω∓2k/R
)
. (3.15)
One again, we examine a simple ase where the only non-zero ouplings are t±n for some
n. The expansion of M in terms of the Lax operators is similar to (2.20)
M± = ǫ∓ 2nt±n
R
L
n/R
± +
∑
k>0
v±k (ǫ)L
−k/R
± . (3.16)
We examine the non-negative powers of L± that appear in M2± (denoted M
2
±,≥), sine
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only these will ontribute to the oeients in whih we are interested
M2±,≥ = ǫ
2 +
(
4nt±n
R
)2
L
2n/R
± ∓
2nt±n
R
(
ǫL
n/R
± +
n∑
k=1
L
(n−k)/R
± v±k (ǫ)
)
. (3.17)
Compare this with
L+L− = e−∂ǫφ
(
1 +
∑
k>0
a+k (ǫ)ω
−2k/R
)(
1 +
∑
k>0
a−k (ǫ)ω2k/R
)
. (3.18)
One again, mathing of oeients implies the a±k trunate. In this ase we have 4n + 1
non-vanishing funtions; ∂ǫφ and the a±k for k ≤ 2n. However, one annot obtain a losed
set of equations for these variables. The v±k appear in the 2n + 1 equations one obtains
from examining the oeients to ω2k/R with 0 ≤ k ≤ 2n in L+L− = M2+ + q2. This is also
true of the 2n oeients of ω−2k/R with 0 < k ≤ 2n obtained from the M− string equation.
Examining more oeients will simply inrease the number of v±k involved. One must then
solve the whole innite set of equations.
One an see that the origin of the above intratability is the appearane of the unknown
funtions v±k multiplying non-negative powers of L± in the string equation one (3.17) is
substituted into (3.14). This would be alleviated were the string equation linear in the
Orlov-Shulman operator. We now turn to suh a way of organizing the 0A system.
3.3 Flux and the Complex Basis
We have found that the Toda Lattie based on shifts of the single-partile energy do not lead
to solvable string equations. In fat, it appears as if we are missing information. To remedy
this, we reall that the one-dimensional Hamiltonian (3.1) an be understood as the eetive
radial Hamiltonian for fermions moving in a two-dimensional harmoni osillator [4℄. In this
desription, the RR-ux is the angular momentum operator, qˆ. In terms of the Cartesian
oordinates and momenta in the plane, the energy and angular momentum are given by
ǫˆ =
1
2
(
pˆ21 + pˆ
2
2 − xˆ21 − xˆ22
)
, (3.19)
qˆ = xˆ1pˆ2 − xˆ2pˆ1 . (3.20)
12
It is onvenient to omplexify these operators
zˆ± ≡
(
pˆ1 ± xˆ1√
2
)
+ i
(
pˆ2 ± xˆ2√
2
)
, (3.21)
yˆ ≡ ǫˆ+ iqˆ , (3.22)
whih obey the algebra
[
ˆ¯z+, zˆ−
]
= 2i ,
[zˆ−, yˆ] = −2izˆ− ,[
ˆ¯z+, yˆ
]
= 2iˆ¯z+ , (3.23)
where the bar above an operator denotes its Hermitian onjugate. Other ommutators are
trivial or obtained by Hermitian onjugation of (3.23). For onveniene we also reord the
relation
zˆ− ˆ¯z+ = yˆ − i. (3.24)
We an obtain the previous algebra (3.2) by noting that
Bˆ± = zˆ± ˆ¯z± . (3.25)
Realling that Bˆ± are the vertex operators for momentum modes, it is evident that in the
omplex oordinates we should onsider unitary transformations generated by powers of
zˆ± ˆ¯z± to implement momentum mode deformations. This is done in the following setion.
But rst let us obtain the (ǫ, q)-basis for the operators above.
Dene the shift derivative ηˆ = e2i∂ with Hermitian onjugate ˆ¯η = e2i∂¯ where
∂ ≡ ∂y = 1
2
(∂ǫ − i∂q) ,
∂¯ ≡ ∂y¯ = 1
2
(∂ǫ + i∂q) . (3.26)
Examining the algebra (3.23), we see that
ˆ¯z+ ∼ ηˆ and zˆ− ∼ ηˆ−1 will reprodue the om-
mutators with yˆ. To reprodue the nal ommutator and (3.24), we dress the appropriate
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power of ηˆ with the sattering phase5
[zˆ−]y,y¯ = S
1/2 (y, y¯) ηˆ−1S−1/2 (y, y¯) ,[
ˆ¯z+
]
y,y¯
= S−1/2 (y, y¯) ηˆ S1/2 (y, y¯) , (3.27)
with other operators dened by Hermitian onjugation and S (y, y¯) given by
S (y, y¯) = 2−iRe(y)iIm(y)
Γ
(
1
2
(1− iy))
Γ
(
1
2
(1 + iy¯)
) . (3.28)
3.4 Complexied Lax Formalism
Now we at with some unitary operator, Uˆ , obtaining the omplex Lax and Orlov-Shulman
operators
6
Zˆ± ≡ Uˆ zˆ± Uˆ−1, (3.29)
Yˆ ≡ Uˆ yˆ Uˆ−1, (3.30)
and similarly for their Hermitian onjugates. The algebra (3.23) is preserved by the unitary
transformation as is, most importantly, the string equation
Zˆ− ˆ¯Z+ = Yˆ − i. (3.31)
This is essentially a omplexied version of the string equation for the c = 1 theory. To im-
plement momentum mode perturbations we use the unitary transformations (3.7) generated
by B±. The y basis representations are easily obtained from (3.8) by noting that ωˆ2 = ηˆ ˆ¯η
[
Uˆ±
]
y,y¯
= ei
∑
n>0 b±n(y,y¯;{t})(ηˆ ˆ¯η)
∓n/R
e∓iφ(y,y¯;{t})/2ei
∑
n>0 t±n(ηˆ ˆ¯η)
±n/R
S±1/2 (y, y¯) . (3.32)
5
Without loss of generality we have assumed that q > 0. For q < 0, it is important that |q| appears in the
sattering amplitude dressing ηˆ. However, this eventually leads to the same suseptibility equation (3.44).
6
Note that the algebra of all operators quadrati in the z's is sp
4
. It may be possible to onstrut
generalized Toda latties from other Lie algebras, building in and out Lax operators from the positive
and negative roots, and Orlov-Shulman operators from the elements of the Cartan subalgebra. Suh a
onstrution is a subjet for future researh.
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As with the previous examples we impose Uˆ+ = Uˆ− and dene the transformed operators
Zˆ± ≡ Uˆ±zˆ± Uˆ−1± , (3.33)
Yˆ± ≡ Uˆ±yˆ Uˆ−1± , (3.34)
where Yˆ+ = Yˆ− = Yˆ . The y basis expressions are given by[
Zˆ−
]
y,y¯
= Wˆ−ηˆ−1 Wˆ−1− , (3.35)[
ˆ¯Z+
]
y,y¯
= Wˆ+ηˆ Wˆ
−1
+ , (3.36)[
Yˆ±
]
y,y¯
= Wˆ±yˆ Wˆ−1± , (3.37)
where the dressings are
Wˆ± = e
i
∑
n>0 b±n(y,y¯;{t})(ηˆ ˆ¯η)
∓n/R
e∓iφ(y,y¯;{t})/2ei
∑
n>0 t±n(ηˆ ˆ¯η)
±n/R
. (3.38)
By reorganizing the ηˆ expansions of the two equivalent forms of Yˆ we nd the expansions of
the Orlov-Shulman operator in terms of the Lax operators
Yˆ± = yˆ ∓
∑
k>0
2k
R
t±kZˆ
k/R
±
ˆ¯Z
k/R
± +
∑
k>0
v±k
(
yˆ, ˆ¯y
)
Zˆ
−k/R
±
ˆ¯Z
−k/R
± . (3.39)
In the dispersionless limit, we simply drop the hats in the above. The string equation
beomes
Y± = Z−Z¯+ , (3.40)
and the Lax variables have expansions
Z− = e−∂φη−1
(
1 +
∑
k>0
a−k(y, y¯) (ηη¯)
k/R
)
, (3.41)
Z¯+ = e
−∂φη
(
1 +
∑
k>0
a+k(y, y¯) (ηη¯)
−k/R
)
, (3.42)
and similarly for their onjugates. Conveniently and unsurprisingly, we obtain only powers
of ηη¯ = ω2 in the expansion of (3.40).
To be expliit, assume all t±k = 0 exept t±n. The mathing of oeients one again
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implies only a±n are non-vanishing. Sine the v±k do not multiply positive powers of the
Lax variables in the string equation, we have few enough variables to solve the equations
imposed by mathing of oeients. We obtain
a±n = ±2n
R
t∓ne2∂φe
− n
R(∂φ+∂¯φ) , (3.43)
by mathing the (ηη¯)±n/R oeients. The order (ηη¯)0 oeient mathing then gives the
omplex suseptibility equation
e−2∂φ − y = 4n
2
R2
t+nt−ne
− 2n
R (∂φ+∂¯φ)
((
1− n
R
)
e2∂φ − n
R
e2∂¯φ
)
. (3.44)
The above equation is perhaps more transparent when split into real and imaginary parts
ǫ− e−∂ǫφ cos (∂qφ) = 4n
2t−nt+n
R2
e(1−2n/R)∂ǫφ
(
2n
R
− 1
)
cos (∂qφ) ,
q − e−∂ǫφ sin (∂qφ) = 4n
2t−nt+n
R2
e(1−2n/R)∂ǫφ sin (∂qφ) . (3.45)
The equation (3.44) (or alternatively the real and imaginary parts (3.45)) onstitutes the
main result of our paper, as it ontains the information neessary to extrat the genus zero
suseptibility for 0A string theory in the presene of momentum mode perturbations. A few
omments are in order. First, we would like to emphasize that (3.44) has been derived in full
generality, with both non-vanishing osmologial onstant µ and RR ux q. To the best of
our knowledge, this is the rst instane in whih a set of string equations have been solved
in a ux bakground. Seond, we have arrived at these results by exploiting the integrability
of the 0A matrix model. We have found that perturbations to the matrix model an be ast
as a omplexied Toda system, and have derived the string equations onstraining it. In the
dispersionless limit, these string equations yield (3.44).
4 Analysis of the 0A Suseptibility Equations
We wish to analyze the omplex suseptibility equation (3.44), with the goal of obtaining
the phase diagram of the system. Given the transendental nature of the equation, this is a
diult task. We begin by speializing to the ase of no Ramond-Ramond ux and perform
an analysis T-dual to that of [11℄. We nd ritial behavior whih obstruts smoothly moving
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through parameter spae to the momentum mode ondensate phase for R > 2n. We then
proeed to the ase of non-trivial ux and explore the ritial behavior present there.
Before diving into the intriaies of these transendental equations, let us digress briey
to make some general omments. Firstly, the perturbation ouplings t±n must be suh
that the worldsheet Lagrangian is deformed by a real operator. For the 0A theory, the
unitary transformations generating the momentum perturbations have the asymptoti forms
Uˆ± ∼ eit±nBˆ
n/R
±
, whih at on the single-fermion Hamiltonian as Hˆ → Hˆ ∓ 2nt±n
R
Bˆ
n/R
± . This
translates, in the absene of ux, to deforming the worldsheet Lagrangian as
L → L− tnV2n/R + t−nV−2n/R. (4.1)
Given the form of the vertex operators Vp ∼ eipX , we see that a real deformation requires
that tn = −t−n ≡ t for some real t. This is not expeted to hange in the presene of RR
ux. We will thus make the substitution t2 = −tnt−n hereafter.
Seondly, we will pursue a thermodynami analysis of 0A string theory in what follows.
This an be aomplished with our suseptibility equations sine ∂ǫφ(ǫ) = 2πρ(ǫ), where ρ(ǫ)
is the density of states. The grand anonial partition funtion, with xed q, is then
lnZ = 1
2π
∫ ∞
−∞
dǫ ∂ǫφ(ǫ) ln(1 + e
2πR(µ−ǫ)). (4.2)
It follows that
∂µ lnZ = R
∫ ∞
−∞
dǫ
∂ǫφ(ǫ)
1 + e2πR(ǫ−µ)
≈ R
∫ µ
−∞
dǫ ∂ǫφ(ǫ) , (4.3)
where in the seond line, we have kept only the leading term as |µ| → ∞. We thus arrive at
the genus zero expression for the suseptibility
χ(µ) ≡ 1
R
∂2µ lnZ = ∂µφ(µ). (4.4)
In keeping with this notation we will make the replaement ǫ = µ heneforth.
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4.1 Relevant Perturbations at q = 0
We are studying in this paper deformations of the string worldsheet theory by tahyon
vertex operators of denite Eulidean momentum. In order to have an eet on the long
wavelength dynamis of the theory, and hene the semi-lassial spaetime geometry, this
must be a relevant deformation in the sense of worldsheet renormalization group ow. This
onsideration puts a bound on the radius of ompatiation that we onsider.
Let us onsider the bosoni string for illustrative purposes. Before gauge xing the
worldsheet metri, the vertex operators we are onsidering are simply
Vp = eipX , (4.5)
and have onformal dimension ∆ = p
2
4
in α′ = 1 units. If Vp = eipX is to be relevant then
|p| < 2. This same bound applies to the anonial ghost piture7 Type 0 vertex operators at
zero Ramond-Ramond ux in α′ = 1
2
units. To obtain the suseptibility equation (3.44) for
the 0A matrix model, we have onsidered perturbations with momenta p = ±2n
R
. Thus, for
a given n, we have a bound on the Eulidean time radius, R > n. Although this has been
argued for the ase of vanishing ux we will shortly see indiations that this bound should
be extended to q 6= 0.
4.2 Saling Behavior of c = 1
We begin by onsidering the saling behavior in µ of the perturbed 0A theory with q = 0.
One might expet perturbed 0A with no ux to be idential to the perturbed c = 1 matrix
model, and in this setion we will highlight the similarities of these two theories. In setion
4.5 we will see that 0A ontains novel behavior resulting from divergenes in the q-derivatives
of the free energy, even at stritly vanishing ux.
To explore the similarities between c = 1 and 0A with q = 0, it is most useful to use
the omponent form of the suseptibility equation. For vanishing ux, the seond equation
in (3.45) is satised with sin (∂qφ) = 0. When all of the t±n vanish, cos (∂qφ) = sign(µ) at
large |µ| and q = 0; we will assume this is so when the perturbations are non-trivial. Thus
the rst equation of (3.45) redues to
|µ| = e−∂µφ + 4n
2t2
R2
(
1− 2n
R
)
e(1−2n/R)∂µφ. (4.6)
7
That is, piture (−1,−1) for NS-NS operators and piture (− 1
2
,− 1
2
) for R-R operators.
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This is idential to the result (2.24) for the c = 1 theory perturbed by modes with momentum
p = ±2n
R
. This fator of 2 is aounted for by the fat that only perturbations by Bˆ± ∼ (xˆ±)2
have been used in our treatment of the 0A theory. Our result (4.6) is thus T-dual to that
obtained through studies of the c = 1 theory perturbed by even winding modes [11, 12℄.
We nd that (4.6) an be expressed more simply by using the positive-denite dimen-
sionless parameter
8
Λ =
4n2
R2
t2|µ| 2nR −2. (4.7)
This variable replaes the perturbation oupling t2 with a oupling that runs with the world-
sheet osmologial onstant. Realling that R > n for any relevant perturbation, we see
that the unperturbed theory is loated at Λ = 0 by sending t2 → 0 and |µ| → ∞. Simi-
larly, ondensation of the momentum mode perturbation ours as Λ→∞ via the opposite
limits, t2 → ∞ and |µ| → 0. For R < n these limits break down, and the variable Λ no
longer has a lear limit in whih the theory is unperturbed. Although there will not be a
bound from worldsheet relevane when we study q 6= 0, we will see a similar behavior in the
orresponding dimensionless variable.
To take advantage of the dimensionless variable we introdue the redued suseptibility
χ˜ through
χ ≡ ∂µφ = χ˜− 1
2(1− n
R
)
log
(
4n2
R2
t2
)
. (4.8)
Then (4.6) redues to
Λ
1
2(n/R−1) = e−χ˜ +
(
1− 2n
R
)
e(1−2n/R)χ˜, (4.9)
indiating that χ˜ is funtion only of Λ and R.
8
The parameter Λ is a natural variable sine, being linear in the oupling t2, it organizes the perturbative
expansion around the 0A string without ux. Another natural variable, Λ˜ = Λ−
1
2(1−n/R)
, is linear in |µ| and
assoiated with the expansion near the theory with momentum mode ondensate.
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4.3 Critial Behavior of c = 1
The ritial behavior of c = 1 string theory an be inferred from (4.9). We dierentiate this
relation with respet to Λ and obtain
∂Λχ˜ =
Λ
1
2(n/R−1)
−1
eχ˜
2(n/R− 1)
[(
1− 2n
R
)2
e2(1−n/R)χ˜ − 1
]−1
(4.10)
=
Λ
1
2(1−n/R)
−1eχ˜
2(n/R− 1)
[(
1− 2n
R
)(
2− 2n
R
)
e(1−2n/R)χ˜ − Λ 12(n/R−1)
]−1
. (4.11)
In the seond line we have substituted the suseptibility equation into (4.10) to obtain a
relation for later omparison with the ase q 6= 0. As is lear from (4.10), ∂Λχ˜ has a pole at
a nite value of χ˜
χ˜c =
1
(n/R− 1) log
∣∣∣∣1− 2nR
∣∣∣∣ . (4.12)
To onrm that this is ritial behavior, we must hek that the equation of state is satised.
Substituting (4.12) into (4.9), we obtain the ritial surfae in the Λ−R plane
Λ
1
2(n/R−1)
c = sign
(
1− 2n
R
)(
2− 2n
R
) ∣∣∣∣1− 2nR
∣∣∣∣
n
R(1− nR)
−1
. (4.13)
Sine Λ is positive denite, we see that there is no ritial behavior for n < R < 2n; this
an also be diserned from (4.11). We disard the solution for R < n as the perturbation is
irrelevant in that region and solve (4.13) for Λc
Λc(R) =
(
1− 2n
R
)−2n/R[
2
(
1− n
R
)]−2(1−n/R)
, R > 2n . (4.14)
This leanly divides the parameter spae of the theory as an be seen in Figure (1). Thus, this
ritial behavior provides an obstrution to smoothly perturbing from the unperturbed 0A
phase to the momentum mode ondensate phase with R > 2n. Beyond this, for Λ > Λc(R),
there do not exist real solutions to the equation of state (4.9).
Alternatively, let us plot the right-hand-side of (4.9) (all it f(χ˜)) in Figure (2). The
behavior desribed above is assoiated with a loal minimum at χ˜ = χ˜c, where f(χ˜c) =
Λ
1
2(n/R−1)
c . Again, we nd that there exist no solutions for Λ > Λc(R). More generally, all
loal extrema of f(χ˜) will be assoiated with ritial points sine ∂Λχ˜ ∼ 1/(∂χ˜f).
The above ritial behavior an be understood thermodynamially by realling from
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Figure 1: The phase diagram for c = 1 theory perturbed by momentum modes. For Λ = 0, the system is
in the unperturbed 0A phase, and for Λ→ ∞, in the momentum mode ondensate phase. For n < R < 2n
one an transition freely between these two phases, whereas for R > 2n, there will be an obstrution given
by the urve Λc(R), assoiated with the phase transition to c = 0. For Λ > Λc(R), there are no solutions to
the redued suseptibility equation (4.9). The shaded region for R < n is forbidden due to the irrelevane
of the operators V±n/R.
(4.4) that χ = 1
R
∂2µ lnZ. Then, using (4.8), we see that Λc(R) is the surfae where there is
a divergene in
∂3µ lnZ
∣∣
t,R
∼ ∂Λχ˜ |R . (4.15)
In the viinity of this ritial surfae one has the behavior
∂3µ lnZ ∼ (Λ− Λc)−1/2, (4.16)
typial of pure d = 2 gravity, known sometimes as a c = 0 model [27℄. The physial piture of
this phase transition is that the worldsheet eld, X , assoiated with Eulidean time freezes
out by settling into one of the minima of the osine potential in (4.1).
4.4 Perturbative Analysis with Non-trivial Flux
Having analyzed the suseptibility equations at q = 0, we would now like to study them in
the presene of RR ux. To gain some ondene in the veraity of (3.44), we perform two
onsisteny heks.
We rst examine the limit of vanishing momentum mode perturbations; this is the ase
21
f(  )χ
χ
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Figure 2: The right-hand-side of (4.9) is plotted as a funtion of χ˜ for two values of R, as indiated.
studied in [6℄. Solving (3.44) with t2 = 0 we nd
∂µφ(µ) = (∂ + ∂¯)φ = −1
2
ln(yy¯) = −1
2
ln
(
µ2 + q2
)
, (4.17)
whih does indeed agree with the known result to leading order in µ2+ q2. We shall use this
expression for the unperturbed partition funtion as a boundary ondition for the non-linear
PDE system (3.45).
We next utilize perturbation theory to expand about the solution (4.17). Through the
0A string/matrix model duality we expet that the worldsheet theory perturbed as in (4.1)
should be related to the perturbed matrix model free energy through
lnZ = 〈et+nT2n/R−t−nT−2n/R〉 . (4.18)
In perturbation theory, the right-hand side is evaluated as a sum of tahyon orrelators in the
unperturbed worldsheet theory. Through (4.4), we an then interpret ∂µφ as a generating
funtional for the tahyon orrelators on the sphere
∂µφ = R
−1∂2µ lnZ = −
1
2
ln
(
µ2 + q2
)
+R−1
∑
m>0
t2m
(m!)2
∂2µ
〈T m2n/RT m−2n/R〉 . (4.19)
In order to ompute these orrelators, we rst eliminate ∂qφ from (3.45),
e−2∂µφ =
µ2
[1− (2n/R− 1) (4n2t2/R2) e−2(n/R−1)∂µφ]2 +
q2
[1− (4n2t2/R2) e−2(n/R−1)∂µφ]2 ,
(4.20)
22
then expand ∂µφ in powers of t
2
around (4.17). In appendix D we ompute these tahyon
orrelators to O (t6) and nd that they agree with those alulated in [23℄. This gives us
great ondene in our result for general ux and momentum mode perturbation.
4.5 Critial behavior in Flux Vaua
We are now in position to onstrut the d = 2 0A phase diagram. We are going to follow the
same strategy as outlined in the previous setion, but in a ux bakground. Turning bak
to the omplex equation (3.44), we begin by rewriting it in terms of a omplex dimensionless
variable
Λ =
4n2t2
R2
y−2(1−n/R) =
4n2t2
R2
y−2(1−n/R) . (4.21)
This gives
Λ−
1
2(1−n/R) = e−2χ˜ + e−
2n
R
(χ˜+¯˜χ)
[(
1− n
R
)
e2χ˜ − n
R
e2
¯˜χ
]
(4.22)
where χ˜ = ∂φ+ ln(4n
2t2
R2
) is the omplex redued suseptibility. Of ourse, we will also need
the omplex onjugate of equation (4.22).
Let us pause to make a brief point alluded to in setion 4.1. Just as in the q = 0 ase,
the relationship between the dimensionless parameter (4.21) and the unperturbed theory
beomes ill-dened for R < n. In the absene of ux, it is understood that we must have
R > n so that the perturbation of the worldsheet Lagrangian by V2n/R is relevant. We
have no suh worldsheet understanding with q 6= 0, but we still have a breakdown in our
variables. This suggests that the relevane bound R > n may be extended for the ase with
ux. Following this suggestion, we will only onsider R > n in the following.
To make the notation more onise, we nd it useful to introdue the omplex funtion
A = e2(1−
n
R
)χ˜e−
2n
R
¯˜χ. (4.23)
The omplex equation (4.22) an be written in terms of A, A¯ as the system
A
A¯
=
Λ¯
− 1
2(1−n/R) − (1− n
R
)A¯+ n
R
A
Λ−
1
2(1−n/R) − (1− n
R
)A+ n
R
A¯
,
(
AA¯
)− 1
1−2n/R
=
∣∣∣∣Λ− 12(1−n/R) − (1− nR)A+ nRA¯
∣∣∣∣
2
. (4.24)
As in the q = 0 ase, we identify the ritial points from the divergenes of the third
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order derivatives of the partition funtion, or more preisely of the derivatives ∂Λχ˜ and ∂Λ ¯˜χ.
Therefore one begins by taking a Λ-derivative of (4.22) and its omplex onjugate
Λ−
1
2(1−n/R)
−1
4(1− n
R
)2
=
[
Λ−
1
2(1−n/R)
1− n
R
− (2− n
R
)A+
n
R
A¯
]
∂Λχ˜+
n
R
(
A+ A¯
)
∂Λ ¯˜χ ,
0 =
n
R
(
A+ A¯
)
∂Λχ˜+
[
Λ¯−
1
2(1−n/R)
1− n
R
− (2− n
R
)A¯+
n
R
A
]
∂Λ ¯˜χ . (4.25)
This is a linear algebrai system for the two derivatives ∂Λ∂φ˜ and ∂Λ∂¯φ˜. Therefore any
divergent (ritial) behavior will be assoiated with the zeros of the disriminant
∣∣∣∣Λ
− 1
2(1−n/R)
c
1− n
R
− (2− n
R
)Ac +
n
R
A¯c
∣∣∣∣
2
− ( n
R
)2(A¯c + Ac)
2 = 0 , (4.26)
where the subsripts are meant to imply that (4.26) only holds on the ritial surfae.
To reiterate, the 0A ritial surfae is onstrained by (4.26), where A, A¯ are dened
through (4.24). To obtain the ritial surfae we must rst eliminate Ac, A¯c in terms of Λc
and R. We proeed by ombining (4.26) and the rst equation in (4.24), and nd that we
an solve for the ritial Ac, A¯c from a quarti equation
(2x−1)z4c+4L1,c(3x−2)z3c+24L21,c(x−1)z2c+16L31,c(x−2)zc−16L21,c(L21,c+L22,c) = 0 , (4.27)
where
z = 4(x− 1)Re(A) , L1 = Re(Λ−
1
2(1−n/R) ) , L2 = Im(Λ
− 1
2(1−n/R) ) , x =
n
R
.(4.28)
The powers appearing in the denitions of L1,2 are suh that L1 ∼ µ and L2 ∼ q (with
proportionality fators depending on R, t).
Before studying the entire ritial surfae, let us onsider the zero ux limit, L2 = 0,
where we expet to reover the results of setion 4.3. In this ase we nd that the solutions
to the quarti equation are given by Re(Ac) =
(
2
2x−1 ,−2,−2,−2
)
L1,c
4(x−1) . The degeneray
observed among the roots in this speial ase is only aidental. The rst (non-degenerate)
root orresponds to the c = 1 ritial surfae (4.14), as an be veried by omparison with
(4.11). By expanding (4.24) around this non-degenerate root, while keeping the RR ux zero,
we an extrat the divergent behaviour of ∂2µφ ∼ (L1 − L1,c)−1/2 ∼ (Re(Λ)− Re(Λc))−1/2.
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Figure 3: The left plot depits a slie through the 0A ritial surfae with L2 ∼ q = 0. The inner urve
L1 = L1(x) (loser to the x-axis) is the c = 1 ritial urve disussed in setion 4.3, where ∂
2
µφ diverges,
while the outer line is a new feature of the 0A ritial surfae, where ∂2qφ diverges. The dotted lines indiate
solutions of (3.45) where ∂2µφ diverges, but whih are probably not aessible from the unperturbed 0A
theory sine they are ompletely enlosed by other ritial surfaes. The right plot takes L1 = 0 and shows
the dependene on the ux parameter L2.
This was expeted, and it is in aord with (4.16).
The seond (degenerate) root is novel, and orresponds to a straight line, |L1| = 2 (1− x),
where ∂2qφ diverges. The ritial behaviour at zero RR ux is given by ∂
2
qφ ∼ (L1−L1,c)−1 ∼
(Re(Λ)− Re(Λc))−1. This learly distinguishes c = 1 perturbed by momentum modes from
0A with q = 0, and the same perturbation. In Figure (3) we inlude plots of the intersetion
of the 0A ritial surfae with the L2 = 0 and L1 = 0 planes.
The full 0A ritial surfae is found by substituting the solutions of the quarti into the
remaining (seond) equation of (4.24). This onstraint denes a surfae in the 3d spae
parameterized by L1, L2 and x, whih were introdued in (4.28). We used Mathematia to
generate the plots of the 0A ritial surfae shown in Figure (4). We have plotted the 0A
surfae in terms of the nite range variable x ∈ (0, 1) (i.e. R > n) and as a funtion of the
real and imaginary parts of the dual Sine-Liouville dimensionless parameter, Λ−
1
2(1−n/R)
.
Note that L21+L
2
2 →∞ is the regime identied with the unperturbed 0A string theory. The
entire 0A ritial surfae is symmetri with respet to the L2 = 0 plane as well as the L1 = 0
plane. It is also losed.
The line L1 = L2 = 0 of Figures (3) and (4) is the momentum mode ondensate (Sine-
Liouville) phase. Fixing L2 = 0 (as in the left plot of Figure (3)) it would seem that the
ritial surfae obstruts a smooth onnetion to the unperturbed 0A regime |L1| ≫ 1. For
x ∈ (0, 1
2
) the obstrution inludes the familiar c = 1 ritial urve (4.14). The novel (linear)
omponent of the ritial urve obstruts the entire range of x ∈ (0, 1). In Figure (4) we
see that, for the range x ∈ (0, 1
2
) the obstrution an be avoided by taking advantage of
non-trivial ux L2, while for x ∈ (12 , 1) the Sine-Liouville regime remains overed by the
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Figure 4: The left plot depits the 0A ritial surfae, with emphasis on the dependene of L1 on x. The
right plot depits the same surfae, but from "below", whih emphasizes the extent in the L1,2 plane. To
get oriented, ompare the left 3d surfae with the left ross-setion in Figure (3). The "tentales" of the left
surfae ontinue all the way to x = 0, where they ollapse to the points L1 = ±2, L2 = 0. At x = 1, the
surfae ollapses to a point at L1 = L2 = 0.
ritial surfae. Note that this is preisely the opposite of the ase in c = 1, where x ∈ (0, 1
2
)
is obstruted and x ∈ (1
2
, 1) is not [11℄.
5 Outlook & Holomorphi Perturbations
There are a number of obvious extensions of the line of development presented in this work.
We have studied the perturbation of 0A string theory by momentum mode operators in
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the presene of Ramond-Ramond ux. It would be of interest to address also the eet
of perturbing by winding operators when ux is present; some prior work in this diretion
inludes [20, 21℄. Although of more tehnial diulty (sine the matrix model is no longer
in its singlet setor), suh perturbations may shed light on the onjetured 0A blak hole
[28℄. Also, the study of the integrable struture of 0B string theory with non-trivial ux is of
obvious interest. The analysis of winding and momentum mode perturbations in that ase
would provide another probe of T-duality for Type 0 strings. All of these diretions would
provide a more detailed piture of the vauum struture of two-dimensional string theory.
There is a more novel diretion whih is suggested by the omplexied Toda lattie that
we have introdued. We have not fully explored this struture for we have only examined
deformations by the momentummodes, whih are given by Bˆ± ∼ e2i∂ǫ . Formally, it is natural
to further exploit the omplex nature of the system by studying perturbations whih preserve
the holomorphiity existing at vanishing perturbation [6℄. Suh perturbations involve the
ux in a non-trivial way.
To make this more onrete, we onsider the transformations
Uˆ± = ei
∑
n>0(b˜±n(yˆ;{t})zˆ−n/R± +h.c.)e∓i(φ˜(yˆ;{t})/2+h.c.)ei
∑
n>0(t±nzˆ
n/R
± +h.c.), (5.1)
for some omplex parameters {t} and undetermined funtions b˜ and φ˜ and where h..
denotes Hermitian onjugate. We will all these holomorphi perturbations sine (5.1)
fatorizes into an operator dependent only on yˆ and ηˆ±1 and one dependent only on ˆ¯y and
ˆ¯η±1. Thus, this is muh like two deoupled opies of the transformation (2.8) for the c = 1
matrix model.
The string equation (3.31) is the same under this transformation as when perturbed by
momentum modes. The expansions of the omplex Orlov-Shulman operator in terms of the
Lax operators are now
Yˆ+ = yˆ − 2n
R
t¯+n
ˆ¯Z
n/R
+ +
∑
k>0
v¯+k (yˆ)
ˆ¯Z
−k/R
+ , (5.2)
Yˆ− = yˆ +
2n
R
t−nZˆ
n/R
− +
∑
k>0
v−k (yˆ) Zˆ
−k/R
− , (5.3)
for some undetermined funtions v±k. Combining the above expansions with the string
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equation we obtain the holomorphi suseptibility equation
y − e−2∂φ =
(
2n
R
)2
t−nt¯+ne2(1−n/R)∂φ
( n
R
− 1
)
. (5.4)
Unlike (3.44), the above result does not mix ∂φ and ∂¯φ and so preserves the holomorphi
fatorization of the unperturbed solution.
It is important to keep in mind that the physial interpretation of the holomorphi
perturbations is quite dierent from that of the momentum mode perturbations studied
throughout this work. In the absene of ux, perturbing by the matrix model operators
Bˆ± has the lear interpretation of adding tahyon vertex operators to the string worldsheet
ation; this an be generalized to a ux bakground sine Bˆ± still generate small deformations
in the Fermi sea at nite q. The holomorphi perturbations above are less learly interpreted,
and perhaps should be understood as generating oherent states of D-branes or disrete
states. Alternatively, the interpretation may lie outside of 0A string theory itself and require
ideas from non-ritial M-theory [24, 25℄. It would be of great interest to understand the full
physial interpretation of these perturbations and the omplex Toda struture introdued
herein.
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A Chiral Quantization of c = 1 Matrix Model
Here we will briey review the hiral quantization of the fermion system dual to d = 2 bosoni
string theory. Sine these fermions are non-interating we will make do with single-partile
quantization.
A.1 Operator algebra
Reall that the single-partile energy for the fermions in the c = 1 matrix model is given by
ǫˆ =
1
2
(
pˆ2 − xˆ2) . (A.1)
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The algebrai struture beomes learer when we introdue the light-one oordinates
xˆ± ≡ 1√
2
(pˆ± xˆ) , (A.2)
whih obey the following losed algebra (note ~ = 1)
[xˆ+, xˆ−] = i,
[xˆ±, ǫˆ] = ±ixˆ±,
{xˆ+, xˆ−} = 2ǫˆ. (A.3)
The rst ommutator indiates that xˆ± are anonially onjugate, and the seond that xˆ±
are shift operators of ǫˆ. The third relation indiates that the Shrodinger equation is rst
order in both the x± bases, whih is a sizable advantage over the seond order wave equation
in the position basis.
Using the above relations the Shrodinger equation an be expressed in either the x±
bases
∓i
(
x±∂x± +
1
2
)
Ψ(x±, t) = i∂tΨ(x±, t). (A.4)
Or for energy eigenfuntions, where Ψǫ(x±, t) = e−iǫtψǫ(x±),(
x±∂x± +
1
2
)
ψǫ(x±) = ±iǫ ψǫ(x±). (A.5)
A.2 States and eigenfuntions
For a given energy, ǫ, there are four states of interest whih in ket notation are | ǫ, in/out, L/R〉.
The notation is suh that in refers to fermions moving toward the origin and out refers to
those moving away. The label L/R refers to whih side of the potential the fermion is loal-
ized on. The in (out) eigenfuntions are most onveniently expressed in the x− (x+) bases.
29
They are as follows
〈x−| ǫ, in, R〉 = θ(x−)x
−iǫ− 1
2−√
2π
,
〈x−| ǫ, in, L〉 = θ(−x−)(−x−)
−iǫ− 1
2√
2π
,
〈x+| ǫ, out, R〉 = θ(x+)x
iǫ− 1
2
+√
2π
,
〈x+| ǫ, out, L〉 = θ(−x+)(−x+)
iǫ− 1
2√
2π
. (A.6)
The in and out states are not independent, but rather are onneted by the hange of basis,
x− ↔ x+.
We an see that the in eigenfuntions are delta-funtion normalized by inserting a om-
plete set of x− eigenstates.
〈 ǫ′, in, a| ǫ, in, b〉 =
∫ ∞
−∞
dx−〈 ǫ′, in, a|x−〉〈x−| ǫ, in, b〉
= δ(ǫ′ − ǫ)δa,b, (A.7)
where the Roman letters label L/R. Similarly, by inserting a omplete set of x+ states, we
an show
〈 ǫ′, out, a| ǫ, out, b〉 = δ(ǫ′ − ǫ)δa,b. (A.8)
It is also useful to onsider parity eigenstates. Dene
| ǫ, in,±〉 = 1√
2
(| ǫ, in, R〉 ± | ǫ, in, L〉) ,
| ǫ, out,±〉 = 1√
2
(| ǫ, out, R〉 ± | ǫ, out, L〉) , (A.9)
where the third quantum number labels the parity eigenvalue.
A.3 Unperturbed Sattering
Sattering in the unperturbed problem involves only a simple hange of basis. We want to
ompute 〈 ǫ′, out, a| ǫ, in, b〉. This is easily done by inserting omplete sets of states of both
x±. Note that in performing the alulations, one must use 〈x+|x−〉 = 1√2πeix+x− whih
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follows from the anonial ommutator [x+, x−] = i. We will also need use of the integrals
[29℄
Γ(z) =
bz
sin πz
2
∫ ∞
0
dt sin (bt) tz−1
Γ(z) =
bz
cos πz
2
∫ ∞
0
dt cos (bt) tz−1. (A.10)
The sattering is ompletely diagonal in the parity basis
〈 ǫ′, out,±| ǫ, in,∓〉 = 0,
〈 ǫ′, out,±| ǫ, in,±〉 = 1√
2π
(
e
iπ
4
+ ǫπ
2 ± e− iπ4 − ǫπ2
)
Γ
(
1
2
− iǫ
)
δ(ǫ′ − ǫ)
= eiπ/4
√
1∓ ie−πǫ
1± ie−πǫ
√
Γ
(
1
2
− iǫ)
Γ
(
1
2
+ iǫ
)δ(ǫ′ − ǫ). (A.11)
To disuss the c = 1 matrix model we onsider only the parity odd states. Then we an
write the sattering as
| ǫ, in,−〉 = S(ǫ)| ǫ, out,−〉, (A.12)
where the boune fator is dened as
S(ǫ) = eiπ/4
√
1 + ie−πǫ
1− ie−πǫ
√
Γ
(
1
2
− iǫ)
Γ
(
1
2
+ iǫ
)
≈ e−iπ/4
√
Γ
(
1
2
− iǫ)
Γ
(
1
2
+ iǫ
) . (A.13)
In the seond line we have negleted terms of order eπǫ, i.e. we onsider large negative energy
with negligible tunneling. This is appropriate and indeed required in the c = 1 model whih
is dened only by perturbation theory in
1
|ǫ| .
The expression (A.12) indiates the in and out states are not independent. Indeed,
(A.12) appears to be the onventional relationship between sattered states, but this is
inorret. Both | ǫ, in/out,−〉 are solutions to the time-independent Shrodinger equation
and so (A.12) is an equality valid at all nite times. That is, there is no impliit insertion
of the time translation operator evolving time from t = −∞ to t = +∞. To eliminate this
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redundany, dene
| ǫ〉 = S−1/2(ǫ)| ǫ, in,−〉 = S1/2(ǫ)| ǫ, out,−〉. (A.14)
Then we have two equivalent expressions for the same state, given in dierent bases
ψ±ǫ (x±) = 〈 x±| ǫ〉 =
S±1/2(ǫ)√
4π
sign(x±)|x±|±iǫ− 12 . (A.15)
Even though we onsider the c = 1 theory where the fermions are loalized on one side of the
barrier, to alulate probabilities one should still integrate over all x±, i.e. the wavefuntions
(A.15) are delta-funtion normalized on the whole interval x± ∈ R.
B Chiral Quantization of 0A Matrix Model
We reprodue here results from the Appendix of [6℄ for our normalization diers in its q-
dependene. Consider now partiles moving in a plane with a radial harmoni osillator
potential whih in Cartesian oordinates has the Hamiltonian
ǫˆ =
1
2
(
pˆ21 − xˆ21 + pˆ22 − xˆ22
)
. (B.1)
It is useful to apply hiral quantization as in c = 1 to both degrees of freedom,
xˆ±,i ≡ pˆi ± xˆi√
2
,
[xˆ±,i, xˆ∓,j] = ±iδij . (B.2)
For future use, note that the kernel of this transformation is
〈xi|x±,i〉 = 2
1/4e±iπ/8√
2π
exp
[
∓i
(
x2i
2
∓
√
2xix±,i +
x2±,i
2
)]
, (B.3)
where we have hosen the phase in (B.3) so as to have a simple form for the inner-produt
〈x+,i|x−,i〉 = 1√
2π
exp (ix+,ix−,i) . (B.4)
It is not as straightforward to ompute the relevant inner produts and wave-funtions as
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in the c = 1 theory so we must go through a series of hanges of variables. First, introdue
the onventional polar oordinates
xˆ1 = rˆ cos θˆ , xˆ2 = rˆ sin θˆ . (B.5)
So that |x1, x2〉 are delta-funtion normalized, the kernel of this hange of basis is
〈x1, x2| r, θ〉 =
√
xδ (x1 − r cos θ) δ (x2 − r sin θ) .. (B.6)
The momentum onjugate to θ is the onserved harge qˆ = xˆ1pˆ2 − xˆ2pˆ1. It is also of use to
introdue polar oordinates in phase spae via
xˆ±,1 = rˆ± cos θˆ± , xˆ±,2 = rˆ± sin θˆ± . (B.7)
whih have an integral kernel analogous to (B.6). The relation between onventional polar
oordinates and the phase spae polar oordinates is easily derived to be
〈r±, θ±| r, θ〉 =
∫
dx1dx2dx±,1dx±,2 〈r±, θ±| x±,1, x±,2〉
× 〈x±,1, x±,2|x1, x2〉 〈x1, x2| r, θ〉
=
e∓iπ/4
2π
√
2rr± exp
[
±i
(
r2
2
∓
√
2rr± cos (θ − θ±) + r
2
±
2
)]
. (B.8)
It is onvenient to exhange θ± for the onjugate momenta q±
〈r, θ |r±, q± 〉 = e
±iπ/4
(2π)3/2
√
2rr±e∓i(
r2
2
+
r2±
2
)
∫ 2π
0
dθei(q±θ±+
√
2rr± cos(θ−θ±))
=
e±iπ/4i|q±|√
2π
√
2rr±e∓i(
r2
2
+
r2±
2
∓q±θ)J|q±|
(√
2rr±
)
, (B.9)
and then alulate
〈r+, q+ |r−, q− 〉 = e
−iπ/2i|q−|−|q+|
2π
2
√
r+r−e
i(r2++r2−)/2
∫ 2π
0
dθeiθ(q−−q+)
×
∫ ∞
0
rdreir
2
J|q+|
(√
2rr+
)
J|q−|
(√
2rr−
)
= δq+q−i
|q+|√r+r−J|q+| (r+r−) . (B.10)
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We almost have all of the ingredients for the sattering phase. First we note that the
momenta onjugate to rˆ± must lassially satisfy the Poisson brakets {r±, p±} = 1. Using
x+,i as the generalized oordinates and x−,i as their momenta, we easily obtain p± = ±ǫ/r±.
When promoted to operators this is written
ǫˆ = ±1
2
(rˆ±pˆ± + pˆ±rˆ±) , (B.11)
whih yields the time-independent wavefuntions
〈r∓| ǫ, in/out〉 = 1√
2π
r
∓iǫ−1/2
∓ . (B.12)
Finally, we ompute the sattering phase by ombining the results of this appendix,
〈ǫ′, q′, out| ǫ, q, in〉 =
∫ ∞
0
dr−dr+
∑
q+,q−
〈ǫ′, q′, out| r+, q+〉 〈r+, q+| r−, q−〉 〈r−q−| ǫ, q, in〉
= δqq′δ (ǫ− ǫ′) 2−iǫi|q|
Γ
(
1
2
(1 + |q| − iǫ))
Γ
(
1
2
(1 + |q|+ iǫ)) . (B.13)
Thus the sattering phase is given by
S(ǫ, q) = 2−iǫi|q|
Γ
(
1
2
(1 + |q| − iǫ))
Γ
(
1
2
(1 + |q|+ iǫ)) . (B.14)
C An Alternate Derivation of the 0A String Equations
Consider the ompatied, unperturbed, all-genus 0A partition funtion [6℄
lnZ = −1
2
Re
∫ ∞
0
dt
t
eitR(µ+iq)/2
sinh( t
4R
) sinh(t/2)
, (C.1)
where we have negleted terms analyti in µ. Using the notation introdued previously,
y = µ+ iq, ∂ = ∂
∂y
, we arrive at the funtional equation
− 4 sin(∂/(2R)) sin(∂) lnZ = ln(y) (C.2)
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where we have impliitly regularized the rhs of the above equation. Similarly, we nd
− 4 sin(∂¯/(2R)) sin(∂¯) lnZ = ln(y¯) (C.3)
Following Kostov [12℄, we will map these funtional equations for the unperturbed parti-
tion funtion into the omplex string equation derived in Setion 3. First, we shall identify the
partition funtion with the τ(y, y¯)-funtion of the omplexied Toda hierarhy: lnZ = ln(τ).
Next, we reall that in the absene of perturbations, the Lax operators are simply dressed
omplex shift operators
Z− = W−η
−1W−1− , Z¯+ = W+ηW
−1
+ , plus the c.c., (C.4)
where the dressing funtions, with the perturbations turned o are W± = e∓iφ0/2. Moreover,
given that the sattering phase and the τ -funtion are related through
φ(µ; q) = i ln
(
τ(µ− i
2R
)
τ(µ+ i
2R
)
)
, (C.5)
we derive
W−(µ)
W+(µ)
=
τ(µ+ i
2R
)
τ(µ− i
2R
)
(C.6)
whih in terms of the omplex variable y reads
W−(y, y¯)
W+(y, y¯)
=
τ(y + i
2R
, y¯ + i
2R
)
τ(y − i
2R
, y¯ − i
2R
)
(C.7)
At this moment it is useful to also reall that the unperturbed partition funtion, and there-
fore τ , enjoys a holomorphi fatorization, already transparent from (C.1). This fat is a
manifestation of the expression for the sattering phase, whih fatorizes holomorphially in
a manifest way. Clearly, this property arries through to the unperturbed dressing opera-
tors. We onlude then that the previous equation an be deomposed (up to normalization
onstants) in
W−(y)
W+(y)
=
τ(y + i
2R
)
τ(y − i
2R
)
(C.8)
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and its omplex onjugate.
We have now gathered all the information we need to proeed with the derivation of the
string equations. To this end we now turn bak to the funtional-dierential equation (C.2),
whih when integrated yields
y =
τ(y + i
2R
+ i, y¯)
τ(y − i
2R
+ i, y¯)
τ(y − i
2R
− i, y¯)
τ(y + i
2R
− i, y¯) (C.9)
The latter expression, aording to the previous disussion on the holomorphi fatorization
properties of the unperturbed τ -funtion, redues to
y =
τ(y + i
2R
+ i)
τ(y − i
2R
+ i)
τ(y − i
2R
− i)
τ(y + i
2R
− i) (C.10)
In the next step we substitute (C.8), to arrive at
y =
W−(y + i)
W+(y + i)
W+(y − i)
W−(y − i) . (C.11)
Equivalently, this equation an be written as
[
W+(y)
−1W−(y)
]
η−1
[
W−(y)−1W+(y)
]
η = y − i
η
[
W+(y)
−1W−(y)
]
η−1
[
W−(y)−1W+(y)
]
= y + i
(C.12)
Also, sine (W−)−1W+ = eiφ0 it is a trivial statement that (W−)−1W+y[(W−)−1W+]−1 = y.
Furthermore, based on the Toda hierarhy ow equations, it an be shown that the operator
(W−)−1W+ is independent of the ouplings tn, t−n. This means that (C.12) hold in general. In
fat, these equations onstitute the onstraint among the Lax and Orlov-Shulman operators
that we alled the string equations
Z¯+Z− = Y + i , Z−Z¯+ = Y − i . (C.13)
As highlighted by this derivation, the omplex nature of the 0A string equations arises
naturally from the holomorphiity of the unperturbed partition funtion.
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D Comparison with Low-order Correlators
We here onrm the onsisteny of the omplex suseptibility equation (3.45) with alula-
tions of low-order tahyon orrelators as stated in setion 4.4. To failitate omparison with
[23℄ we rst introdue
p ≡ 2n
R
, (D.1)
the momentum of our perturbations, so that (4.20) beomes
e−2∂µφ =
µ2
[1− (p− 1) p2t2e−(p−2)∂µφ]2 +
q2
[1− p2t2e−(p−2)∂µφ]2 . (D.2)
We then expand ∂µφ as
−∂µφ = 1
2
log
(
µ2 + q2
)
+
∑
m>0
t2m
(m!)2
am, (D.3)
and solve iteratively for the am. Realling (4.19)
∂µφ = R
−1∂2µ logZ = R−1
[
∂2µ logZ0 +
∑
m>0
t2m
(m!)2
∂2µ
〈T m2n/RT m−2n/R〉
]
, (D.4)
we an identify the oeients in (D.3) with the tahyon orrelators
am = −R∂2µ
〈T mp T m−p〉 . (D.5)
We reprodue the rst few orrelators here, as predited by (D.3):
∂2µ 〈TpT−p〉 = −R−1p2
(
µ2 + q2
)(p−4)/2 [
(p− 1)µ2 + q2] , (D.6)
∂2µ
〈T 2p T 2−p〉 = −2R−1 [p2 (µ2 + q2)(p−4)/2]2 [(p− 1)2 (2p− 3)µ4
+
(
18− 22p+ 7p2)µ2q2 + (2p− 3) q4] , (D.7)
∂2µ
〈T 3p T 3−p〉 = −6R−1 [p2 (µ2 + q2)(p−4)/2]3 [(3p− 5) (3p− 4) (p− 1)3 µ6
+3
(
100− 247p+ 239p2 − 106p3 + 18p4)µ4q2
+ 3
(−100 + 179p− 108p2 + 22p3)µ2q4 + (3p− 5) (3p− 4) q6] . (D.8)
We now wish to ompare with the results of [23℄, whih quotes several Am (see their
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(3.11)
9
) dened through 〈T0T mp T m−p〉 = (µ2 + q2)mp/2Am. (D.9)
These orrelators
〈T0T mp T m−p〉 , are related to 〈T mp T m−p〉, in both c = 1 and 0A, via
∂µ
〈T mp T m−p〉 = 〈T0T mp T m−p〉 . (D.10)
This was rst reorded in [30℄ and exploited in [22℄. We thus obtain
∂2µ
〈T mp T m−p〉 = ∂µ [(µ2 + q2)mp/2Am] . (D.11)
Using this expression and the Am in [23℄ we see that our orrelators math, up to an overall
normalization fator R.
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